Purpose: To develop a simultaneous multi-slice (SMS) model-based reconstruction method combined with inversion recovery (IR) radial SMS fast low-angle shot (FLASH) sequences for accelerated multi-slice T1 mapping.
Introduction
Quantitative T1 mapping finds increasing applications in a variety of clinical usage [1, 2] . Fast T1 mapping usually employs the inversion recovery (IR) Look-Locker (LL) sequence where RF excitations are continuously applied after inversion followed by T1 determination in a postprocessing step [3] [4] [5] . While the conventional IR LL method requires segmented data acquisitions with multiple inversions [4, 5] , recent advances in non-Cartesian sampling [6] [7] [8] [9] [10] , compressed sensing [10] [11] [12] as well as real-time MRI [9, 13] have enabled singleslice T1 mapping within a single inversion recovery. On the other hand, parameter maps can be estimated directly from undersampled k-space using model-based reconstructions [7, [14] [15] [16] [17] [18] [19] [20] [21] . In this way, only the parameter maps instead of a number of contrast-weighted images have to be reconstructed, making this kind of method an interesting alternative for quantitative MRI. Such strategies have enabled single-shot high-resolution T1 mapping with high accuracy and precision as well [18, 20, 22] .
So far, most of the above efforts have focused on the acceleration of single-slice parameter mapping. However, in clinical diagnosis, multi-slice parameter mapping is highly desirable [23] [24] [25] . Methods exploiting the conventional multi-slice acquisition strategy have been reported [23, 24, 26, 27] . On the other hand, simultaneous multi-slice (SMS) technique [28] is a promising way to accelerate multi-slice quantitative MRI. SMS allows distributing undersampling along the additional slice dimension and exploits sensitivity encoding in all three spatial dimensions. Applications of SMS in quantitative MRI include but are not limited to simultaneous 3-slice MR fingerprinting [29] , 3-slice cardiac T1 mapping based on the SAPPHIRE technique [25] and 3 to 5-slice T2 mapping using the Cartesian multi-echo spin-echo method [30] .
In this work, we aim to combine both the advantages of model-based reconstructions and radial SMS acquisition strategies with FLASH readout for accelerated multi-slice T1 mapping. In particular, we develop a general calibrationless SMS model-based reconstruction framework that formulates the estimation of parameter maps and coil sensitivities from all slices as a single inverse problem. This strategy enables arbitrary sampling schemes for SMS acquisitions. Following our previous work on radial SMS parallel imaging using nonlinear inversion (NLINV) [31] , this work investigates two IR radial SMS acquisition schemes using the developed model-based reconstructions. Performance of the proposed method is validated on the phantom, human brain and abdominal studies.
Theory

SMS Acquisition
In this study, we use similar radial SMS sampling strategies for IR LL SMS data acquisition as in [31] . I.e., following a non-selective inversion, SMS data is sampled continuously using a tiny golden angle (≈ 23.63 • ) [32] , with radial spokes distributed either with aligned or rotated angles along the partition dimension. The additional Figure 1 demonstrates these two sampling methods together with a conventional multi-slice acquisition scheme. The SMS aligned scenario allows the decoupling of partitions using an inverse Fourier transform, enabling independent reconstruction of all slices. In such a way, there is still an SNR benefit of SMS over the conventional multi-slice scheme. However, the main advantage of SMS -acceleration in the direction perpendicular to the slices -only comes into play when distinct k-space samples are acquired [31, 33] . Additional Figure 1 (bottom left) presents the latter sampling scheme, where a better k-space coverage is achieved, especially with a golden-angle method [31] . To reconstruct images/parameter maps with the SMS golden-angle acquisition, the conventional slice-by-slice reconstruction no longer applies, a more general SMS model-based reconstruction method is therefore developed, which is explained in the 2 following.
SMS Model-based Reconstruction
Following a similar notation introduced in [31] , we define p, q ∈ {1, . . . , Q} the partition index and the slice index, respectively, with Q the total number of partitions/slices. In SMS acquisitions, signal from the pth partition y p can be written as:
with ξ p,q being an SMS encoding matrix, which is a Fourier matrix in this study, i.e., ξ p,q = exp −
The signal y q j (t) for the qth slice of the jth coil is given by
where c q j is the corresponding coil sensitivity map, r is the position in image space, k(t) is the chosen k-space trajectory. M q is the T 1 relaxation model for the qth slice:
with t k the time after inversion which is defined as the center of each acquisition window. M q ss , M q 0 and R * 1 q are the steady-state signal, equilibrium signal and effective relaxation rate, respectively. After estimation of (M q ss , M q 0 , R * 1 q ), T 1 values of the qth slice can be calculated by [3, 4] :
To estimate parameter maps and coil sensitivity maps from all the slices, equations (1) and (2) are then understood as a nonlinear inverse problem with a nonlinear operator, F , mapping all the unknowns from all slices to the measured undersampled SMS data Y = ( y 1 t1 , . . . , y Q t1 , y 1 t2 , . . . , y Q tn ) T :
and
Here P is the orthogonal projection onto the trajectory, F is the two dimensional Fourier transform. c q represents a set of coil sensitivity maps for the qth slice. M q t k (·) is the relaxation model prescribed in equation (3) . The unknowns are
which are then estimated by solving the following regularized nonlinear inverse problem:
with R(·) the joint 1 -Wavelet regularization in the parameter dimension [20] , U (·) the Sobolev norm [34] enforcing the smoothness of coil sensitivity maps. x q p = (M q ss , M q 0 , R * 1 q ) T and x q c = (c q 1 , · · · , c q N ) T , α and β are the regularization parameters for parameter maps and coil sensitivity maps, respectively. D is a convex set ensuring R * 1 q to be nonnegative. The above nonlinear inverse problem is then solved by the iteratively regularized Gauss-Newton method (IRGNM) where in each Gauss-Newton step the nonlinear problem was linearized and solved by the fast iterative shrinkage-thresholding algorithm (FISTA) [35] . More details of the IRGNM-FISTA algorithm can be found in [20] .
Methods
Data Acquisition
All MRI experiments were conducted on a Magnetom Skyra 3T (Siemens Healthineers, Erlangen, Germany) with approval of the local ethics committee. The proposed method was first validated on a commercial reference phantom (Diagnostic Sonar LTD, Scotland, UK) consisting of six compartments with defined T1 values surrounded by water. Phantom and brain studies were conducted with a 20-channel head/neck coil, whereas abdominal scans were performed with a combined thorax and spine coil with 26 channels. During technical developments, 3 volunteers without known illness were recruited. In all experiments, simultaneously acquired slices using IR radial FLASH are separated by a fixed distance d. All single-slice and multi-slice acquisitions employed the same nominal flip angle α = 6 • . Acquisition parameters for phantom and brain measurements were: FOV: 192 × 192 mm 2 , matrix size: 256 × 256, TR/TE = 4.10/2.58 ms, bandwidth 630 Hz/pixel, slice thickness ∆z = 5 mm, slice distances d = 15 mm and d = 20 mm for phantom and brain studies, respectively. A gold standard T1 mapping was performed on the center slice of the phantom using an IR spin-echo method [36] 
Image Reconstruction
Image reconstruction was done offline based on the C-based software package BART [37] on a 40-core 2.3 GHz Intel Xeon E5-2650 PC with a RAM size of 500 GB. Followed by the gradient delay corrections [38] and channel compression to 8 principle components, the multi-coil radial raw data were gridded onto a Cartersian grid, where all successive iterations were performed [39] . Similar to the single-slice case [20] , parameter maps (M q ss , M q 0 , R * 1 q ) T were initialized with (1.0, 1.0, 1.5) T and all coil sensitivities zeros for all slices. 10 Gauss-Newton steps were employed to ensure convergence. The regularization parameters α and β were initialized with 1 and subsequently reduced by a factor of 3 in each Gauss-Newton step. A minimum value of α was used to control the noise of the estimated parameter maps at higher Gauss-Newton steps. The optimal value α min was chosen by visual observation to optimize SNR without compromising the quantitative accuracy or delineation of structural details. In this study, all multi-slice reconstructions used the same minimum regularization parameter α min = 0.00125 for fair comparisons.
Model-based reconstruction techniques generally offer a flexible choice of temporal resolution, i.e., even a single radial spoke per k-space frame could be employed for accurate parameter estimation [18] . However, a certain amount of temporal binning may effectively reduce the computational demand as long as the T1 accuracy is not compromised [4, 18] . Here, the number of binned spokes was chosen such that the temporal bin size does not exceed 85 ms. More specifically, 20, 6 and 4 spokes per k-space frame were selected for single-slice, simultaneous 3-slice and 5-slice model-based brain reconstructions, respectively. For abdominal studies, 25 and 8 spokes per k-space frame were used for single-slice and simultaneous 3-slice reconstructions. In the spirit of reproducible research, code and data to reproduce the experiments will be made available on https://github.com/mrirecon/sms-t1-mapping.
Data Analysis
All quantitative T1 results are reported as mean ± standard deviation (SD). Regions-of-interest (ROIs) were carefully selected to minimize partial volume errors using arrayShow [40] [20] and T1 estimate the T1 map reconstructed from the corresponding multi-slice acquisition.
Results
The proposed SMS model-based reconstruction was first validated on the experimental phantom study with the SMS rotated golden-angle acquisition. Figure 1 shows T1 maps of three slices reconstructed with the proposed method together with an IR spin-echo reference and that estimated from single-slice IR radial acquisition [20] of the center slice. Visual inspection reveals that the proposed method can completely disentangle superposed slices and all quantitative multi-slice T1 maps are in good agreement with the references. These findings are confirmed in the ROI-analyzed T1 values of the center slice in Figure 1 (b) , where preservation of good precision (low standard deviation) of the SMS T1 mapping method is also observed. Quantitative results for T1 maps from the other two slices are presented in the additional Table 1 , which confirms good T1 accuracy and precision of these two slices as well. Figure 2 (a) compares model-based reconstructed center-slice T1 maps of a human brain at a multi-slice factor of 3 for all multi-slice schemes. Both SMS methods produce T1 maps with less noise and therefore better SNR than the conventional multi-slice method. Further, the SMS T1 values are closer to the singleslice reference, which is demonstrated by the relative difference maps as well as the quantitative errors. Figure 2(b) shows the comparison of human brain T1 maps at a multi-slice factor of 5. In line with the 3-slice results, both SMS T1 maps have better SNRs and are closer to the reference than the conventional multi-slice method. In this case, the SMS golden-angle method further helps to reduce streaking artifacts that are visible in the border areas of the other two multi-slice T1 maps (indicated by white arrows). Moreover, the SMS golden-angle method has less quantitative errors than the other two multi-slice methods. The ROI-analyzed white-and gray-matter T1 values in Figure 3 confirm the above observations: Apart from similar mean T1 values among all multi-slice methods, both SMS approaches produce T1 values with higher precision (lower standard deviation) than the conventional multi-slice method. Noteworthy, all quantitative brain T1 values are in close agreement with the single-slice reference as well as literature values [41, 42] . Figure 4 (a) depicts the T1 maps of a 5-slice SMS golden-angle acquisition as well as the corresponding single-slice T1 maps. All 5-slice T1 maps are visually in good agreement with the corresponding single-slice ones, indicating the combination of SMS rotated golden-angle acquisition and model-based reconstruction could achieve simultaneous 5-slice brain T1 maps within 4 s (i.e., an acceleration factor of 5 compared to the single-slice case). A similar comparison is presented in the application of simultaneous 3-slice human abdominal T1 mapping in Figure 3(b) . Again, good agreement is reached between the simultaneous 3-slice abdominal T1 maps and the single-slice ones (quantitative center-slice liver T1 values: SMS vs single-slice: 828 ± 19 ms vs 830 ± 20 ms), suggesting an acceleration factor of 3 could be achieved for abdominal T1 mapping using the proposed method.
With the above settings, Figure 5 presents a whole-brain T1 mapping of 25 contiguous slices with a resolution of 0.75 × 0.75 × 5 mm 3 . These 25 T1 maps were acquired using 5 consecutive SMS-5 acquisitions with a slice distance of 25 mm. Each SMS acquisition took 4 seconds with a waiting period of 10 seconds in between to ensure full recovery of the magnetization. Thus, the whole acquisition took 1 minute.
Discussion
This work describes a SMS model-based reconstruction method combined with IR radial SMS FLASH sequences for efficient multi-slice T1 mapping. The present reconstruction framework models the aliasing of simultaneously acquired slices and their respective coil sensitivities within the data consistency term, formulating the parameter and coil estimation of multiple slices as a single inverse problem. Such a strategy allows for a flexible choice of sampling patterns in SMS acquisitions. Validation results show that the use of SMS model-based reconstruction with the SMS rotated golden-angle scheme could achieve high resolution simultaneous 5-slice brain T1 maps or simultaneous 3-slice abdominal T1 maps within only a single inversion recovery of 4 s. With this technique, a whole-brain T1 mapping is feasible within 1 minute.
For radial sampling, the use of rotated golden-angle in the partition dimension has been proven to have better performance than the aligned scheme for undersampled stack-of-stars 3D volume MRI [33] and 2D radial SMS parallel imaging using NLINV [31] . In this work, we have adopted the same strategy for SMS model-based quantitative parameter mapping. Our results confirm a slightly better performance of this strategy over the aligned scheme, especially at higher acceleration factors. The combination of such a sampling strategy and model-based reconstruction may also be exploited for single-shot SMS myocardial T1 mapping, where part of the IR data (e.g., systolic data) is discarded prior to model-based T1 estimation [43] .
In contrast to the aforementioned SMS approaches, the proposed k-space method using model-based reconstructions does not need to compromise between high accuracy using small bin sizes and good quality of intermediately reconstructed images. Furthermore, integration of coil sensitivity estimation into the modelbased reconstruction framework helps to avoid pre-calibration scans that are necessary for some other SMS quantitative MRI techniques and this may further reduce any miscalibration errors for parameter mapping.
An alternative to multi-slice T1 mapping is 3D imaging such as the use of a radial stack-of-stars sequence has better SNR benefits than the 2D SMS imaging and could provide 3D isotropic T1 mapping [21] . The proposed model-based reconstruction method is also applicable to 3D T1 mapping. However, 3D sequences need to employ multi-shot/segmented acquisitions, in which case, data over the duration of a complete scan (usually in the order of minutes) have to be combined together for parameter estimation. This makes 3D imaging more sensitive to motion than the 2D SMS counterparts [29] . For example, it would be more challenging for multi-slice abdominal T1 mapping using 3D sequences.
The main limitation of the proposed method is the long computation time, especially for model-based reconstruction of SMS datasets acquired using the rotated golden-angle sampling trajectory: All the data from multiple slices have to be hold in memory simultaneously during iterations, which prevents the entire computation running on our GPUs. Currently, it took around 10 hours to reconstruct a high-resolution SMS-5 brain dataset using the CPUs. Acceleration of the linearized subproblem such as ideas used in T2 shuffling [44] or double-buffering strategies as proposed in [45] will be employed in the future to reduce reconstruction time.
Conclusion
The present work extends calibrationless model-based reconstruction to multi-slice T1 mapping with flexible SMS sampling, improving SNR and image quality for high accelerations by exploiting three-dimensional sensitivity encoding. 
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